The relativistic three dimensional (3D) Lippmann-Schwinger-type equations for the ep scattering amplitude is derived based on unitarity condition in the usual quantum electrodynamic (QED). The ep scattering potential V e ′ N ′ ,eN consists of the leading one off mass shell photon exchange part and the nonlocal multi-particle exchange potential . Unlike to the other field-theoretical equations, both protons in the unitarity condition and in V e ′ N ′ ,eN are on mass shell. Therefore in this approach are not required the multi-variable input photon-nucleon vertexes with the off mass shell nucleons.
Introduction
Presently the elastic ep scattering in energy region up to few GeV is well described by the leading order one photon exchange (OPE) model. In this energy region the various observables for the ep scattering reactions were studied within the next of leading order two photon exchange (TPE) models in order to check the accuracy of the OPE model. The OPE model was satisfactorily justified by description of the ratio of the electric and magnetic form factors of the proton, angular dependence of the polarisation observables, electro-production of the pions and resonances, the ratio of the cross sections of the e − p and e + p reactions, electromagnetic form factors of the neutron and other observables in the high precision experiments [1, 2, 3] .
The important uncertainty in the calculations of the ep scattering within the TPE models arise from off shell extension of the γ * pp vertexes [4] because the loop diagrams contain the γ * pp vertexes with off mass shell nucleons which depends on the two or three variables. Therefore there was used the additional models in order to construct or simulate the multi-variable γ * pp form factors.
An other reason for investigation of the high order power series expansion in e 2 of the ep scattering amplitude is that 60 years ago Dyson argued (see [7] , ch. 9.4 in [5] and ch. 20.7 in [6] ) that the perturbation series in QED are divergent after renormalization of the mass and charge. Therefore, there is necessary to use the special methods for calculations of the two-photon and multi-photon exchange effects. For instance, the perturbative series in QED can be calculated via the special asymptotic expansions [8] The 3D quasipotential reductions of the 4D Bethe-Salpeter equation for the Hydrogen-type systems are used in [9, 10, 11] . In these approaches the 3D relativistic Lippmann-Schwinger type equations were applied to the high order perturbation terms for the energy levels. The solution of the relativistic Dirac equation was applied also for calculation of the ion-atom scattering [12] . This paper deals with the new kind 3D Lippmann-Schwinger-type field-theoretical equations for the ep scattering amplitude A e ′ N ′ ,eN within the usual quantum electrodynamic (QED), where the protons in the corresponding potential V e ′ N ′ ,eN are on mass shell. These 3D LippmannSchwinger equation allow to build ep discrete spectrum and the ep elastic scattering amplitudes based on the same potentials. The present approach based on the 3D field-theoretical unitarity condition and is free from the 3D ambiguities which appears by the 3D (quasipotential) reductions of the 4D Bethe-Salpeter equations. Unlike to the 4D Bethe-Salpeter equations and their 3D quasipotential reductions, the potential of the suggested equations is constructed from the one-variable vertexes with on mass shell protons. The off mass shell intermediate particle exchange part in the suggested approach is generated by the canonical equal time anti commutators which is sandwiched by the asymptotic one proton states. This part of the potential generates the leading OPE potential. These equal-time canonical anti commutators we shall derive in the Coulomb and Lorentz gauges.
The considered method was firstly applied to the low energy πN scattering by Chew and Low [23] and was developed by Banerjee and coworkers [24] . The analytical model-independent linearization of these relativistic quadratically nonlinear equations was done in [13, 14, 15] , where they were applied to descriptions of the low energy πN and N N phase shifts. The leading order one-particle exchange diagrams in this approach for the multichannel reactions ep − e ′ p ′ γ ′ and γp − γ.π ′ p in the ∆-resonance region was studied in [16, 17, 18, 19] .
The present paper consists of the five sections. In the next section the general unitarity condition for the ep scattering amplitudes with the on mass shell protons and the corresponding 3D Lippmann-Schwinger type equation are considered. The calculation of the OPE potential through the equal time canonical anti commutators in the Coulomb gauge is performed in section 3. In the section 4 the same anti commutators and the potentials are calculated in the Lorentz gauge and the exact relationship of these expressions in the Lorentz and in the Coulomb gauges are suggested. The Summary is given in section 5.
Unitarity condition and corresponding 3D relativistic equation within the time ordered relativistic field-theoretical approach
In the quantum field theory [5, 20] the elastic ep scattering amplitude is
where
denote the energy-momentum of the on mass shell electron and proton in the initial and final states. iγ µ ∂/∂x µ − m e ψ e (x) = η e (x) stand for the source operators of the electron, and
The normalizations and designations of the symbols in above expressions are taken from [5] . For the sake of simplicity the spin indexes in the expressions (2.1a,b) and in the Dirac spinor u(p e ) are omitted.
In the amplitude (2.1a) the final electron is extracted from the asymptotic "out" states and it depends on p ′ e only through u(p e ′ ). Therefore, the 4-momenta of the final electron e ′ can be chosen in such a way that e ′ is on energy shell but off mass shell, i.
According to the reduction formulas [20] the ep scattering amplitude can be represented as
where the curly braces denote the anticommutator of the corresponding operators, b + pe (x o ) transforms into corresponding creation or annihilation operator in the asymptotic out(in) region
For derivation of (2.2) the identity
pe (x o ) was used. Substitution the completeness condition of the asymptotic in-states n |n; in >< in; n| = 1 (2.4) between the source operators in (2.2) and integration over x yields (2.5) where
are the energies of the ep system in the initial and final states, P o n and P n stand for the energy and momentum of the intermediate n-particle states, H and e denote the on mass shell intermediate ep bound state (Hydrogen) and positron.
If all of the fourth components of the photon field A µ (x) are independent and quantized, then we have the following canonical commutation relations for the interacted electron and photon fields [5] 
that allow to determine the first term in (2.2)
as the usual leading one photon exchange potential
where ... stands for the sources of the intermediate particles.
) with the off mass shell proton is determined via the usual Dirac electric and magnetic form factors of the proton
The graphical representation of the one off mass shell photon exchange potential
is given in Fig. 1 . In this diagram the shaded circle corresponds to the γ * N N vertex (2.9) and the dot between the electron-photon lines relates to the γ * ee vertex in the tree approximation.
The t-channel one photon exchange term (2.7b) with off mass shell proton.
The canonical commutation relations (2.6a,b) requires the the indefinite metric according to
Gupta-Bleuer approach [5] . In order to avoid this complication in the next sections we shall consider the Lorentz and Coulomb gauges where only the transversely parts of the photon fields are independent and quantized.
The vertexes of the transition in the intermediate n and m particle states in (2.5) consists of the connected and disconnected parts. The cluster decomposition procedure [22, 24] It is convenient to consider separately the s-channel exchange terms with the intermediate
where W e ′ N ′ ,eN + is determined in (A.1a)-(A.1h) without on shell n = H, ep exchange terms.
It is easy to check, that the ep scattering amplitude A e ′ N ′ ,eN in (2.5) and in (2.10) satisfies the general unitarity condition with all possible n-particle s-channel intermediate states
The analytic linearization of the 3D time-ordered and quadratically nonlinear equation (2.10) can be performed in the same way as for the elastic πN or N N scattering in [13, 14, 15] or for the reaction πN − γ ′ N ′ [16] - [19] . The resulting relativistic Lippmann-Schwinger type is
where the on shell T (p ′ , p, P o ) coincides with the on shell amplitude A e ′ N ′ ,eN (2.1a)
is constructed through the inhomogeneous term of (2.10) as
In the half off energy region
Thus the solution of the 3D relativistic Lippmann-Schwinger-type equation (2.13) determine the eN scattering amplitude − < out; p ′ N |η p ′ e (0)|p e p N ; in > (2.1a) according to (2.14) and (2.16).
The S-matrix reduction formulas [5, 20] 3. Canonical commutation relations and the Born term (2.7a) in the Coulomb gauge.
In the Coulomb gauge
as independent are considered the electron fields ψ e (x), ψ + e (x) and the transverse components of the photon field
2)
The conserved current J ν (x) (2.8) and the gauge condition (3.1) yields the equations of motion [5, 20, 21 ]
where the zero component of the photon field A C o is defined via the photon source (2.8) according to the Poison equation
The equation of motion (3.3) does not contain the longitudinal part of the A C i in virtue of (3.1). Nevertheless in the electromagnetic Lagrangian
with F µν (x) = ∂A ν (x)/∂x µ − ∂A µ (x)/∂x ν the longitudinal part of the electric field E l i = −∂A C o /∂x i appears through the complete electric fields
Therefore one can separate the electrostatic (Coulomb) interaction term
where B = −rotA C and J o A C o was generated by E l i according to the relation
The canonical commutation relations for A C i [20, 21] are
The source η C = eγ o A C o ψ e − eγ i A C i ψ)1 in (3.4) and the canonical commutators (2.6c) allow to represent the Born term (2.7a) as
The Poisson equation (3.5) and the equation of motion (3.4) yield
The longitudinal part of A C i and J i are excluded from Y C I (3.11). Nevertheless in the next section we shall demonstrate that Y C I (3.11) coincides with V OP E (2.7b). Y C II (3.10c) is nonlocal due to integration of the nonlocal source eψ + e (0, x ′ )ψ e (0, 0). Insertion of the completeness condition (2.4) between the electron fields in (3.10c) yields 
n=e"N ,e"N γ,...
These terms have the same structure as the on mass shell particle exchange amplitudes (A.1a)
-(A.1d) correspondingly. The terms (3.12a)-(3.12d) consists of the products of the ep scattering matrices and corresponding crossing terms, i.e. these terms give e 5 contributions into ep scattering amplitude. The nonlocality of (3.12a)-(3.12d) follows from the canonical equal time commutations between b + p (0) and the nonlocal field A C o (0).
The Born term (2.7a) in the Lorentz and Coulomb gauges.
The Lorentz gauge
allows to formulate the ep scattering problem in the Lorentz invariant 4D form if the four components of the photon field A L µ are the independent variables. In order to avoid the problems with the indefinite metric in the Gupta-Bleuer formalism and simplify comparison with the relations in the Coulomb gauge, we consider in the Lorentz gauge as independent fields electrons and the transverse photons. Consequently we keep the canonical equal time anti commutation (2.6c) for the electrons and (3.9) for the transverse part of A L µ . Then in the Lorentz gauge we get the following equation of motion
and the zeroth and longitudinal components of the photon fields are determined through the corresponding sources as
The gauge condition (4.1) allows to redefine ( 
reproduces exactly the Born term V OP E (2.7b).
The next part of the equal-time commutators (2.7a)
Thus Y L I (4.5) and Y C I (3.11) determine the leading one photon exchange (OPE) term in the Lorentz and Coulomb gauge correspondingly. These OPE potentials (Fig. 1) are constructed via the nucleon vertexes
The photon fields in the Lorentz and Coulomb gauges A L µ (x) and A C µ (x) can be obtained independently through the gauge transformation in the Dirac equation for the noninteracting electrons. In order to determine the relationship between the vertexes (4.7) and (4.8) we consider the gauge transformations between these fields
where the electron field ψ e is denoted as Ψ L and Ψ C in the Lorentz and Coulomb gauges.
Generally λ(x) contain the auxiliary fields A L µ=3,0 which does not commute with Ψ L . Therefore, it is convenient to extract from A C µ the part
and chose λ via the solution of the equation
Then we get
which is valid also in the classical physic, where λ commute with A µ and D µ = 0.
It is easy to check that A C µ (4.12) satisfy the gauge conditions (3.1), the equation of motion (3.3) and the Poisson equation (3.5). Moreover, Ψ C after gauge transformation (4.9) satisfies the equation of motion (3.4). Substitution A C µ (4.12) in (3.5) yields
which produces the following relationship between the nucleon form factors in the Lorentz and Coulomb gauges
The relation (4.12) allows equate the leading one photon exchange potential V OP E (2.7b) in the Lorentz and Coulomb gauges
The canonical equal time anti commutator of the electron fields in the Lorentz gauge
after gauge transformation (4.9) produces the following canonical anti commutators in the Coulomb gauge
The anti commutator (4.17) and the gauge transformation (4.9) generate the additional terms with D µ (4.10) and C µ (4.18) in Y C I (3.10b) and Y C II (3.10c) which gives also the small corrections in order to e 5 .
Conclusion
In this paper the general time ordered field-theoretical unitarity condition (2.5) are used for derivation of the 3D relativistic Lippmann-Schwinger type equations (2.13) for the ep scattering amplitude u(p e ′ ) < out; p ′ N |η(0)|p e p N ; in > (2.1a). In the unitarity condition (2.5) and the corresponding equation (2.13) the nucleons are on mass shell and only one of the external electrons is off mass shell. Therefore in this approach the proton self energy diagrams, the proton vertex correction and other diagrams with the off mass shell nucleons do not appear.
The leading order part of the potential of the equation (2.13) is the one photon exchange potential V OP E (2.7b) in Fig. 1 which is constructed via the usual one variable electromagnetic form factors of the nucleon (2.9).
The unitarity condition (2.5) follows directly from the S-matrix reduction formula for the ep The alternative unitarity condition can be obtained using the S-matrix reduction formulas for the on mass shell electrons and off mass shell nucleons. The composed nucleon field can be constructed within the Haag-Nischijima-Zimmermann approach [26, 27, 28, 25] . In this case the equal time commutators for the composed nucleon fields [15, 16, 19] Appendix A. Linearization of the generalized unitarity condition (2.6).
Separation of the connected and disconnected parts of the amplitudes in two last terms of (2.5) yields 1H correspondingly. It is easy to see, that The last four terms in Fig. 1E-Fig. 1H are obtained from the terms in Fig. 1A-Fig. 1D by crossing of the electrons.
After simple algebra for the propagators in (A.1a)-(A.1h) we get Using the same technique as for the other binary reactions in [13, 14, 15, 16, 17] . one can derive (2.5) from the Lippmann-Schwinger-type equation (2.13) and vice verse
